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Abstract 

The problem of spin-0 particles subject to a nonminimal vector double-step potential is 
explored in the context of the Dumn-Kemmer-Petiau theory. Surprisingly, one can never 
have an incident wave totally reflected and the transmission amplitude has complex poles 
corresponding to bound states. The interesting special case of bosons embedded in a sign 
potential with its unique bound-state solution is analyzed as a limiting case. 
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1 Introduction 

The first-order Duffin-Kemmer-Petiau (DKP) equation PQ-[I] is often seen as an alter- 
native and rather unusual form for describing spin-0 and spin-1 particles. Although the 
second-order and the DKP formalisms are equivalent in the case of minimally coupled 
vector interactions [E]-[7], the last formalism opens news horizons as far as it allows the 
inclusion of other kinds of couplings in a straightforward way [H]-[S]- The nonminimal vec- 
tor interaction, for instance, refers to a kind of charge-conjugate invariant coupling which 
behaves like a vector under a Lorentz transformation. The invariance of the nonminimal 
vector potential under charge conjugation means that it does not couple to the charge of 
the boson and so it does not distinguish particles from ant ip articles. Hence, whether one 
considers spin-0 or spin-1 bosons, this sort of interaction can not exhibit Klein's paradox 
[TO] . Nonminimal vector interactions, added by other kinds of Lorentz structures, have 
already been used successfully in a phenomenological context for describing the scattering 
of mesons by nuclei [H]-[T8]. Nonminimal vector couplings with diverse functional forms 
for the potential functions have been explored in the literature [10], |19j-|27j. 

In the present work some aspects of the stationary states of spin-0 bosons in a double- 
step potential with a nonminimal vector coupling are analyzed. Scattering states are 
analyzed and an oscillatory transmission coefficient is found. An interesting point is that 
the transmission coefficient never vanishes, regardless the size of the potential barrier. In 
sharp contrast with a nonrelativistic scheme, the transmission amplitude exhibits com- 
plex poles corresponding to bound-state solutions for a potential of sufficient intensity. 
The eigenenergies for bound states are solutions of transcendental equations classified 
as eigenvalues of the parity operator. Those intriguing results are interpreted in terms 
of solutions of an effective Schrodinger equation for a finite square well with additional 
^-functions situated at the borders. The case of a sign potential (interpreted as a shifted 
(^-function potential) with its unique bound-state solution is analyzed as a limiting case 
of the double-step potential. 

2 The nonminimal vector double-step potential 

The DKP equation for a free boson is given by [I] (with units in which H = c = 1) 

(i^df, - m) V> = (1) 

where the matrices (3^ satisfy the algebra /3^/3 u /3 x + f3 x (3 u f3 IJl = g^ v f3 x + g Xu ^ and the met- 
ric tensor is g^ v = diag (1, — 1, —1, —1). That algebra generates a set of 126 independent 
matrices whose irreducible representations are a trivial representation, a five- dimensional 
representation describing the spin-0 particles and a ten-dimensional representation as- 
sociated to spin-1 particles. The second-order Klein-Gordon and Proca equations are 
obtained when one selects the spin-0 and spin-1 sectors of the DKP theory. A well-known 
conserved four-current is given by J 7 ' = ip^%l)/2 where the adjoint spinor ip is given by 
•if) = ijyrp with rf = 2/3°/3° — 1. The time component of this current is not positive 
definite but it may be interpreted as a charge density. Then the normalization condition 
f dr J° = ±1 can be expressed as J dr%[)f3 ip = ±2, where the plus (minus) sign must be 
used for a positive (negative) charge. 



With the introduction of nonminimal vector interactions, the DKP equation can be 
written as [S] 

{iP»d lt -m-i[P,P»']A ll )iJ> = (2) 

where P is a projection operator (P 2 = P and Pt = P) in such a way that ip[P, f3' 1 }i/j 
behaves like a vector under a Lorentz transformation as does ipp^ip. Once again <9 M J M = 
[TO] . If the potential is time-independent one can write ip(f,t) = <f>(f)exp(—iEt), where 
E is the energy of the boson, in such a way that the time-independent DKP equation 
becomes 

[P°E + ip% - (m + i[P, P^AJ] = (3) 

For the case of spin 0, we use the representation for the /3 1 * matrices given by [28] 

0°=(£ nV ML SV -1.2,3 (4, 

where 
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0, and are 2x3, 2x2 and 3x3 zero matrices, respectively, while the superscript 
T designates matrix transposition. Here the projection operator can be written as [8] 
P = {P^Pfx — 1) /3 = diag (1, 0, 0, 0, 0). In this case P picks out the first component of 
the DKP spinor. The five-component spinor can be written as ip T = (ipi, ...,ips) i n such a 
way that the time-independent DKP equation for a boson constrained to move along the 
X-axis, restricting ourselves to potentials depending only on x, decomposes into 
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Given that the interaction potentials satisfy certain conditions, we have a well-defined 
Sturm-Liouville problem for determining the possible discrete or continuous eigenvalues 
of the system. We also note that there is only one independent component of the DKP 
spinor for the spin-0 sector. It is not hard to see that the spectrum is symmetrical about 
E = 0, as it should be since A^ does not distinguish particles from antiparticles. Note 
also that for ensuring the covariance of the DKP theory under the parity operation one 
must have Aq (—x) = +Aq (x) and A\ (—x) = —A\ (x). It follows that the parity of 03 is 



opposite to that one of <p\ and 02 i n such a way that the DKP spinor has a definite parity. 
Furthermore, the change A^ — > A^ + constant drastically changes the spectrum. 

Let us focus our attention on the space component of a nonminimal potential with 
A\ (—x) = —A\ (x). We consider the double-step potential 

A x (x) = V Q [9 (x - a) - 9 (-x - a)} (8) 

with Vo and a defined to be real numbers (a > 0) and 9 (x) is the Heaviside step function. 
It is of interest to note that in the limit a — > 0, the double-step function reduces to 
Vosgn(x), where sgn(x) = x/|x|. Our problem is to solve ([6]) for <pi and to determine the 
allowed energies. In this case the first line of ^ can be written as 

^Jl + [e 2 - m 2 + Vo [6 {x - a) + 8 {x + a)] 

-V 2 [9 (x - a) + 9 (-x - a)}} fa = (9) 

where S (x) = d9 (x) jdx is the Dirac delta function. We turn our attention to scattering 

states so that the solutions describing spinless bosons coming from the left can be written 

as 

/ Ae +iv ^ + Be~*>* for x < -a 

fa{x) = <J Ce +i ^ + De-** for \x\ < a (10) 

Fe +lv a for x > a 

where 

£ = a\/E 2 — m 2 , n = y£ 2 — v 2 , v = clVq (11) 

Then, 0i describes an incident wave moving to the right (rj is a real number) and a 
reflected wave moving to the left with 

J 1 [x < -a) = -^- (Ul 2 - \B\ 2 ) (12) 

am 

and a transmitted wave moving to the right with 

J 1 (x>a) = —\F\ 2 (13) 

am 

We demand that 0i be continuous at x = ±a, i. e. 

SS^ilSS = (14) 

Otherwise, ()9]) would contain the derivative of a ^-function. Effects due to the potential 
on d(pi/dx in the neighbourhood of x — ±o can be evaluated by integrating (Q from 
±o — e to ±o + e and taking the limit e — Y 0. The connection formula between dfa/dx at 
the right and d<pi/dx at the left can be summarized as 

x=±a+e 

= --<h(±a) (15) 

x=±a— e 
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With 0x given by (ITU]) , conditions (TH|) and (TT5|) imply that 

e^F = e^C + e^D 



e- ir 'A + e ir 'B = e~*C + e*D 

e ir >F(r]-iv) = ^(e^C-e-^D) 

i{e-^C-e^D) = {r] + iv)e~ ir 'A-(r]-iv)e iri B 
Omitting the algebraic details, we state the solution for the relative amplitudes 
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where we have defined 



d = 2(r]-iv)(^cos2^-ir]sm2^) (18) 

In order to determinate the reflection and transmission coefficients we use the charge 
current densities J 1 (x < —a) and J 1 (x > a). The x- independent current density allow 
us to define the reflection and transmission coefficients as 
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with R + T = 1. The last relative amplitude in ( 1T7|) allow us to write the transmission 
coefficient as 
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regardless of the sign of v. Notice that T — > 1 as i] — > oo and that there is a resonance 
transmission (T = 1) whenever £ = (2n + 1) 7r/4 with n = 0, 1, 2, . . . 

The possibility of bound states requires a solution given by (fTUj) with r] = z|r;| (£ < |f|) 
and A = in order to obtain a square-integrable <f>\. Therefore, if one considers the 
transmission amplitude as a function of the complex variable r] one sees that for 7] real 
and positive one obtains the scattering states whereas the bound states would be obtained 
by the poles lying along the positive imaginary axis of the complex 77-plane. Setting 
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\/v 2 — £ 2 and expanding F/A in a power series in £ about £ = 0, we obtain 
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where O (£) denotes higher-order terms. Thus, £ = is a pole only for v > 0. The other 
poles are solutions of the transcendental equation 



tan2£ = -^, £^0 
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With the amplitudes given by (TT7|) one obtains the ratios 
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so that one can write 
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(24) 



B v 

— = — - cos 26 



for i] = i\i]\. It is true that the first line of (j24p furnishes \C\ = \D\. It has to be so since 

the charge current density J 1 vanishes in the region |a;| > a whereas in the region |a;| < a 

it takes the form 

( J-(\C\*-W) fore real 

Jl= ,, (25) 

^ — Im (C*D) for £ imaginary 

Hence, one concludes that bound states are only possible if £ = or \C\ = \D\. Up 
to this point symmetry arguments has not come into the story at all. Since A\(x) is 
antisymmetric with respect to x, it follows that 0i can be either even or odd. Hence, 
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so that 
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(28) 



for 0! (— x) = —0i (x). The condition C/D = ±1 demands 

tan2£ = -f-, £>0 (29) 

\v\ 

Using the identity tan2z = 2tanz/ (1 — tan 2 z), one can write this last relation as 

£taa£=|77|-A|v|, A = ±1 (30) 

with the proviso that the root £ = is valid only for A = +1 (from ( 124]) one sees that 
C/D = +1 for £ = 0). In addition, by virtue of the identity cos 1z — (1 — tan 2 z) / (1 + tan 2 z) 
one may readily check that ( 13 Up implies into 

— = Asgn(w) (31) 

Now we see that Asgn(u) is the parity eigenvalue and that £ = furnishes a legitimate 
even bound-state solution for v > (whatever the intensity of v, the solution £ = 
makes J° independent of x for |x| < a). It is instructive to note that, except for £ = 0, 
the equation for even-parity solutions is mapped into that one for odd-parity solutions 
under the change of v by —v, and vice versa. In addition, because \q\ = \/v 2 — £ 2 , ( 130]) 
can also be written as 

_£cot£= \t]\ + X\v\, A = ±l (32) 

Based on tanh z = —i tan iz, equation ( 130]) is transformed into 

-|f|taali|f| = |77|-A|v|, A = ±1 (33) 



for £ = i|£| (\tj\ — ^Jv 2 + |£| 2 ). Equation ( 133]) is the quantization condition corresponding 
to e < 0. The solutions of these transcendental equations are to be found from numerical 
or graphical methods. 

Tackling (133]) first, one sees that except for £ = for v > and even (f>i, or v < and 
odd 0i, the left-hand side of (133]) is always negative whereas its right-hand side is always 
positive. Therefore, equations (|3~3l furnish no solutions, except £ = for even 0i with 
v > 0. 

The graphical method for £ e R is illustrated in Figure 1. The solutions for bound 
states are given by the intersection of the curve represented by £tan£ with the curves 
represented by \r]\ — X\v\. We can see immediately that, except for £ = for A = +1, it 
needs critical values, corresponding to |i? c | = — arctanA, for obtaining bound states. If 
v is larger than the critical values there will be a finite sequence of bound states with 
alternating parities. The ground-state solution will correspond to an even solution. As 
commented before, the odd-parity solution with A = +1 is spurious. When v approaches 
infinity the intersections will occur at the asymptotes of £ tan £ (except for £ = 0) so that 
the solutions will be given by 



Then, if 



£(°°) = (2n + 2)^, n = 0,l,2,... (34) 



^<M<(2iV+l)^ (35) 



there will be N bound states, except for £ = for v > 0, with eigenvalues given by 

(2N - 1) ^ < &v < iv| (36) 

Finally, in the limit a — > (£ — > 0) one has 

r ^( 1 + g-%-y o ~' (3T) 

and the transmission amplitude has one and only one pole (at \E\ = m for Vq > 0) 
corresponding to an even bound-state solution with 



'1(3, 
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3 Concluding remarks 



The stationary states of spinless bosons interacting via nonminimal vector coupling was 
investigated by a technique which maps the DKP equation into a Sturm-Liouville problem 
for the first component of the DKP spinor. Scattering states in a double-step potential 
were analyzed and an oscillatory transmission coefficient was found. An interesting feature 
of the scattering is that the transmission coefficient never vanishes, no matter how large 
Vo may be. It was shown that, for a potential of sufficient intensity, the transmission am- 
plitude exhibits complex poles corresponding to bound-state solutions. The eigenenergies 
for bound states are solutions of transcendental equations classified as eigenvalues of the 
parity operator. The case of a sign potential was analyzed by a limiting process. In that 
last case we obtained a non-oscillatory transmission coefficient and a unique bound state. 
As the potential is a double step, or a sign potential in a limiting case, one should not ex- 
pect the existence of bound states, and it follows that such bound states are consequence 
of the peculiar coupling in the DKP equation. 

For a better understanding of those unexpected results, it can be observed that the 
first line of (El) can also be written as 



d 



2 



2m dx 2 



+ V eii (x) 



£eff01 (39) 



with 



E 2 -m 2 Tr . . A 2 - Al-dAx/dx , , 

E -» = -is-- v '« {x) = k (40) 

The set (T39]) -( ]40|) plus f_^dx \(f)i\ 2 < oo correspond to the nonrelativistic description 
of a particle of mass m with energy E e ±± subject to a potential V e ±±. As the effective 
potential has a more complicated structure, with quadratic plus derivative terms, the 
success of the strategy of this mapping depends crucially of the choice for the potential 
A^ (x). Examination of the double-step potential given by (jHJ) shows that 



Kff (x) = 7 ^-[9{x-a) + e(-x- a)] - -^ [S (x - a) + S {x + a)} (41) 



Therefore one has to search for solutions of the Schrodinger equation for a particle under 
the influence of a finite square well potential with attractive (repulsive) 5-functions when 



Vq > (Vo < 0) situated at the borders. Whether V is positive or negative, the effective 
potential V e±f (x) has also a form that would make allowance for bound-state solutions 
with E eft < Vq/ (2m), and E eff > if V < 0. For a — > 0, the case of a sign potential, 
the effective potential becomes the shifted ^-function potential: 

V eif (x) -> ^ - ^5 x (42) 

ci^o 2m m 

which leads to a non-oscillatory transmission coefficient independent of the sign of Vo, 
and for Vo > to exactly one bound-state solution, that one with a vanishing effective 
energy (|.E| = m) independent of the size of Vq. 
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Figure 1: Graphical solution of £tan£ = \i]\ — X\v\ for the case \v\ = 5. The solid lines 
stand for £tan£, the dotted line for \i]\ + |-u| and the dashed line for \i]\ — \v\. The root 
£ = is valid only for v > 0. 
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